QUANTIZATION OF SOME MODULI SPACES OF PARABOLIC 

VECTOR BUNDLES ON CP 1 

INDRANIL BISWAS, CARLOS FLORENTINO, JOSE MOURAO, AND JOAO P. NUNES 

Abstract. We address quantization of the natural symplectic structure on a moduli 
space of parabolic vector bundles of parabolic degree zero over CP 1 with four parabolic 
points and parabolic weights in {0,1/2}. Identifying such parabolic bundles as vector 
bundles on an elliptic curve, we obtain explicit expressions for the corresponding non- 
abelian theta functions. These non-abelian theta functions are described in terms of 
certain naturally defined distributions on the compact group SU(2). 



Contents 

1. Introduction [l] 

2. A moduli space of parabolic vector bundles over CP 1 E 

3. Determinant line bundle and Kahler form on Aip ^ 

4. Non-abelian theta functions Oj] 



4.1. SL n (C) non-abelian theta functions on an elliptic curve LL1 



4.2. Non-abelian theta functions on Alp LL4 



Acknowledgements 1 16 



References 16 



1. Introduction 

Let X be a compact connected Riemann surface, or equivalently a smooth complex 
projective curve. It is well known that the moduli spaces of vector bundles over X 
have a canonical symplectic structure [Go] , with integral symplectic form. Indeed, being 
naturally identified with spaces of flat connections on a compact oriented surface, these 
are important classical phase spaces of Chern-Simons theory. The natural question of 
their quantization was addressed in many articles [Hi], |AdPW] . 

The geometric quantization of moduli spaces M of vector bundles over X in a so-called 
Kahler polarization leads to what is known as spaces of non-abelian theta functions. 
More concretely, the Kahler polarized Hilbert spaces, at level k = 1,2, ■ ■ ■ , are the spaces 
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H°(Af, C k ), where £ is a determinant line bundle, endowed with a natural Chern connec- 
tion, whose curvature coincides with the symplectic form. A projectively flat connection 
was constructed by Hitchin on the space of complex structures on M [Hi], providing a 
way of identifying different choices of Kahler polarized Hilbert spaces. 

However, an explicit identification between Kahler polarized quantizations and real 
polarized ones has only been found in a few examples, notably the case when X is an 
elliptic curve [AdPW| IFMN2] . using the relationship between the moduli spaces in this 
case and a certain class of abelian varieties. In turn, a comparison between real and 
Kahler quantizations for abelian varieties was obtained using a coherent state transform 
|FMN 21 IFMNTI IBMN] . 

In this article, we follow the analogous geometric quantization program for the moduli 
space Aip{r) of parabolic bundles of rank r over CP 1 with four parabolic points and 
parabolic weights in {0 , 1/2} with parabolic degree zero [MSI IMYj . It is known that, as 
in the case of vector bundles, there is a determinant line bundle (p over the moduli space 
of parabolic bundles endowed with a natural Chern connection, whose curvature is the 
(generally singular) Kahler form. 

Let X be the elliptic curve which has a degree two map to CP 1 ramified over the para- 
bolic points. Using the description of the parabolic bundles of above type as holomorphic 
vector bundles over X equipped with a lift of the involution corresponding to the degree 
two covering [BilJ . we see that, for a given choice of parabolic structures on these 4 points, 
Aip{r) has dimension d < r/2 and we have a canonical isomorphism 

M P (r) S X d /T d £ CP d , 

where is the semi-direct product (Z/2Z) d x for the natural action on (Z/2Z) d of the 
symmetric group for d elements. Moreover, for the natural polarization line bundle 
L on the abelian variety X d (associated to a Kahler form of area one on X), we obtain 
an isomorphism (p*(p = L 2 , where (p — > Aip(r) is the determinant line bundle and 
(ft : X d — > Aip(r) is the natural quotient (see Sections 2 and 3). 

This very concrete description allows the expression of the quantization Hilbert space 
at level k, namely H°(Mp, (p), in terms of the (abelian) theta functions of level 2k 
on X d , and the comparison of real and Kahler polarized Hilbert spaces. For this, we 
need to apply the framework of [FMN2j for non-abelian theta functions over the moduli 
space of rank 2 vector bundles, with trivial determinant, over X (see Section 4). The 
so-called coherent state transform for Lie groups [Ha], is an analytic tool which, given an 
invariant Laplacian on a compact Lie group K, associates holomorphic functions on the 
complexification Kc to square integrable functions on K. This set up can be extended 
to appropriate spaces of distributions on K [FMNlj . Non-abelian theta functions of 
level k on Aip are then described in terms of v4(i-invariant holomorphic functions on the 
group SL(2, C) with special quasi-periodicity properties. These holomorphic functions are 
obtained from elements in a vector space of distributions on the compact real form SU(2) 
by applying the coherent state transform, for time l/(k + 2) (see Theorem 14. 7p . 
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2. A MODULI SPACE OF PARABOLIC VECTOR BUNDLES OVER CP 1 

Fix a point po G CP 1 \ {0 , 1 , oo}. Consider the divisor 

(2.1) S : = {0,l,oo,p } C CP 1 . 
Let 

(2.2) / : X — > CP 1 

be the unique double cover ramified exactly over D. Therefore, X is a complex elliptic 
curve. Let Pic°(X) be the moduli space of topologically trivial holomorphic vector bundles 
on X. 

Lemma 2.1. Any polystable vector bundle E over X of rank r and degree zero is isomor- 
phic to a direct sum ® r i=1 Li, where U G Pic°(X). 

The isomorphism classes of line bundles Li, 1 < % < r, are uniquely determined by E 
up to a permutation of {1 , • • • , r}. 

Proof. The first statement follows immediately from Atiyah's classification of holomorphic 
vector bundles on X (see [At2j). This also follows from the facts that E is given by a 
representation of the abelian group ni(X) in U(r) (NaScJ. 

The uniqueness of Li up to a permutation of {1 , • • • , r} follows immediately from |Atl 
p. 315, Theorem 2(ii)]. □ 

We will consider parabolic vector bundles over CP 1 with S (see (|2.ip ) as the parabolic 
divisor. Let E be a holomorphic vector bundle on CP 1 . A quasi-parabolic structure on E 
is a filtration of subspaces 

E y =: F Vt i 3 ••• 3 F„j J ••• 3 F yiay D F Vtay+ i = 

over each point y G S. A parabolic structure on E is a quasi-parabolic structure as above 
together with real numbers 

(2.3) < a y ,i < ■■■ < aty tj < ■ ■ < a y , ay < 1 

associated to the quasi-parabolic flags. (See [MS], |MY] .) The numbers a y j in (12. 3p are 
called parabolic weights. The multiplicity of the parabolic weight a y j is dime F y j/F y j + i. 

For notational convenience, a parabolic vector bundle (E , {F y j} , {ac y j}) defined as 
above will also be denoted by E*. The parabolic degree is defined to be 

a y 

par-deg(£*) := degree(E) + 7^ a y ,j • dim(F yJ /F yJ+1 ) . 

yeS j=l 

Fix an integer r > 2. For each point y G S, fix an integer m y G [0,r]. Let Aip be 
the moduli space of semistable parabolic vector bundles E* on CP 1 of rank r, with S as 
the parabolic divisor, such that the parabolic weights at a parabolic point y are 1/2 with 
multiplicity m y and with multiplicity r — m y , and 

par-deg^*) = . 
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(See |MY] for the construction of Aip.) The moduli spaces of parabolic bundles are 
irreducible normal complex projective varieties. We will see later that the above moduli 
space M.p is smooth. Note that M. P is empty if J2 y es m y * s an oc ^ integer. 
We will assume that Y2 y es m v * s an even integer. 

For any integer m > 1, we will construct a finite group T m equipped with an action of 
it on the Cartesian product Pic°(X) m . 

Let S m be the group of permutations of {1 , ■ ■ • , m}. This group acts on the Cartesian 
product (Z/2Z) m by permuting the factors. So any permutation r G S m of {1 , ■ • • , m} 
sends any (z±, • • • , z m ) G (Z/2Z) m to (z T -i^, • • • , z r -i( m )). Let 

(2.4) T m := (Z/2Z) m x E m 

be the semi-direct product corresponding to this action. So T m fits in a short exact 
sequence 

(2.5) e — > (Z/2Z) m — > L m — > E m — > e 

of groups. We will construct a natural action of T m on Pic°(X) m . 

Consider the action of group Z/2Z on Pic°(X) defined by the involution L i — >■ L*. 
Acting coordinate-wise, it produces an action of (Z/2Z) m on Pic°(X) m . On the other 
hand, the permutation group E m acts on Pic°(X) m ; as before, the action of any r G S m 
sends any (zi, ■ ■ ■ , z m ) G Pic°(X) m to (z T -i(i), ■ ■ • , z r -i( m )). These two actions together 
produce an action of T m (constructed in (12.41) ) on Pic°(X) m . Let 

(2.6) Pic°(X) m — >■ Pic°(X) m /r m 

be the quotient for this action. The quotient Pic°(X) m / (Z/2Z) m for the subgroup in (12.51) 
is identified with (Pic°(X)/(Z/2Z)) m . Hence 

Pic°(X) m /r m = Sym m (Pic°(X)/(Z/2Z)). 

Since Pic°(X)/(Z/2Z) = CP 1 , we have 

Pic°(X) m /r m = Sym m (CP 1 ) = CP m . 

Note that the quotient map in (12.61) factors through the projection 
Pic°(X) m — > Sym m (Pic°(X)) := Pic°(X) m /S m . 
But the surjective map 

Sym m (Pic°(X)) Pic°(X) m /r m 
in general is not a quotient for a group action because S m is not a normal subgroup of 

r 

Proposition 2.2. Let d be the (complex) dimension of Aip. Then d < r/2. If d > 0, 
then the variety Aip is canonically isomorphic to the quotient Pic°(X) d /T ( i constructed 
in (ESI). 
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Proof. Let 

(2.7) a : X — > X 

be the unique nontrivial deck transformation for the covering / in ( 12. 21) . 

Let E* G Aip be a. polystable parabolic vector bundle. It corresponds to a unique 
holomorphic vector bundle V — > X equipped with a lift of the involution a in ( 12. 7ft as 
an isomorphism of order two 

(2.8) a : V — ► a*V 

of vector bundles [Bilj ; this means that a is a holomorphic isomorphism of vector bundles, 
and the composition 

V — — ->■ o'*V — — > a*a*V = V 

is the identity map. We have 

degree (V) = 

because par-deg(-E*) = |Bil4 P- 318, (3.12)]. The vector bundle V is polystable because 
E* is polystable [BBNj pp. 350-351, Theorem 4.3]. Therefore, from Lemma [2.11 we know 
that 



(2.9) V = ($L i 



i=l 

where Lj e Pic°(X). Recall from Lemma 12.11 that the line bundles Lj are uniquely 
determined up to a permutation. 

For any line bundle L on X of degree zero, the line bundle L <g> a*L descends to CP 1 , 
where a is defined in (1277)1 . Since Pic (CP 1 ) = {0 C pi}, it follows that 

(2.10) a*L = L* 

for all L e Pic°(X). 

Since V in ( 12. 9 p is isomorphic to a*V (see (12. 8p ). using ( I2.10p . 

(2.H) 0^ = L *" 

i=i i=i 

Therefore, all vector bundles on X corresponding to points of A4p are of the form 

a r—2a 

(2-12) 0(6©C)©0%> 

i=i j=i 

where 77^ are fixed line bundles on X (these line bundles rjj depend on the numbers m y 
but are independent of the point of the moduli space M.p), and the line bundles 
1 < i < a, move over Pic (X). From ( 12. lip it follows that 

(2-13) V j = V* 

for all j. We note that any vector bundle as in ( I2.12p satisfying ( I2.13P admits a lift of the 
involution a. Indeed, each rjj has a lift because ( 12. 13ft holds. Also, & © ^* has a natural 
lift of the involution a because cr*£i = £*. Note that the involution of ^j©^* interchanges 
the two direct summands. 
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Hence we get a surjective morphism 
(2.14) Pic°(X) a — >■ Mi 

that sends any (£1 , • • • , £ a ) to 



r-2a 



i=i j=i 

This morphism clearly factors through the quotient Pic°(X) a /r a in ( 12. 6ft . 
For a vector bundle 

a 
8=1 

the unordered pairs {&,£*} are uniquely determined by W up to a permutation of 
{1 , ■ • • , a} [AtlJ p. 315, Theorem 2(ii)]. Using this it follows that the above morphism 

Pic°(x)7r a — ► m p 

is an isomorphism. This completes the proof of the proposition. □ 

3. Determinant line bundle and Kahler form on M p 

Consider the moduli space .Mp of parabolic vector bundles defined in the previous 
section. It has a natural (possibly singular) Kahler form; this Kahler form will be denoted 
by up. There is a determinant line bundle 

(3.1) (^Mp. 

This line bundle ( has a hermitian structure such that the curvature of the corresponding 
Chern connection coincides with ojp. (See |BRj . [Bi2j . |TZj .) 

Consider the dimension d in Proposition 12.21 Let Td be the group defined in (12. 4p . The 
quotient Pic°(X) d /T d is identified with the moduli space Mp by Proposition 12.21 Let 

(3.2) : Pic°(X) d — > Pic°(X)7r d = M P 

be the morphism in (I2.14p . Since (f) is the quotient map for the action of on Pic°(X) d , 
the pulled back line bundle 4>*( is equipped with a lift of the action of Yd on Pic°(X) d , 
where ( is the determinant line bundle in (13.11) . 

Let 

(3.3) L := Pic o (x) {O x ) — ► Pic°(X) 

be the holomorphic line bundle of degree one defined by the point of Pic°(X) corresponding 
to the trivial line bundle Ox on X. For each i e [1 , d], let 

(3.4) q { : Pic°(X) d — > Pic°(X) 

be the projection to the i-th factor. The action of on Pic°(X) d that permutes the 
factors in the Cartesian product has a natural lift to an action of on the line bundle 

d 

~ \q*L Pic°(X) d , 



i=i 



QUANTIZATION OF MODULI OF PARABOLIC BUNDLES ON CP 1 7 

where L is the line bundle in (13 . 3[) . 

Recall that the group (Z/2Z) d acts on Pic°(X) d using the action of Z/2Z on Pic°(X) 
given by the involution L — > L*. Let 

(3.5) a d : (Z/2Z) d — > Aut(Pic°(X) d ) 
be the corresponding homomorphism. 

Theorem 3.1. For any g G (Z/2Z) d , there is a canonical isomorphism of holomorphic 
line bundles 

d d 
i=i i=\ 

where ad is the homomorphism in (13 .5p . and L Q is the line bundle in (I3.3p . 

The line bundle (<S>f =1 q*L )® 2 has a canonical lift of the action ofT d on Pic°(X) d . 
There is a T d-equivariant isomorphism of line bundles 

d 
i=l 

where <fi and ( are defined in (13. 2p and (13.11) respectively. 

Proof. Consider the automorphism of Pic (Pic (X)) induced by the involution of Pic°(X) 
defined by L i — > L*. It fixes the line bundle L defined in fl 3 . 3 j) . because the above 
involution L i — > L* fixes the point of Pic°(X) corresponding to the trivial line bundle 
O x on X. Note that Pic (Pic (X)) is identified with Pic°(X) by sending any f G Pic°(X) 
to Opi c °m(^ ~~ ®x)- This identification commutes with the involutions. Since the point 
of Pic°(X) corresponding to Ox is fixed by the involution, it follows that 

d d 

(3.6) a d (g)*((g)q*L ) = (g)g*L 

i=l i=l 

for all g G (Z/2Z) d . This proves the first statement of the theorem. 

Let z := (Ox,-" £ Pic°(X) d be the point. Note that cr d (^)(z ) = 2 for all 

(7 G (Z/2Z) d . In view of (13. 6p . there is a unique isomorphism 

d d 

(3.7) p : a d (gy(g)q*L — ► (g)<Z*L 

i=l i=l 

which coincides with the identity map of the fiber (®? =1 q*L ) Z0 over the point z . 

Consider the action of (Z/2Z) d on ~Pic°(X) d defined by the homomorphism a d in (13. 5ft . 
For any g G (Z/2Z) d , there is a canonical lift of the involution o~d(g) of Pic°(X) d to the 
line bundle 

d d 

((&q*L Q )®a d (g)*((g)q*L Q ). 

i=l i=l 
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Using the isomorphism p in (13. 7p . these lifts of the involutions <Jd{g), 9 £ (Z/2Z) d , 
together produce a lift of the action of (Z/2Z) d on Pic°(X) d to the line bundle 

d 

((g) ^of 2 — ► Pic°(x) d . 

1=1 

We already noted that the action of on Pic°(X) d has a natural lift to an action of 
S d on the line bundle (g)f =1 q*L . This lift to (g)f =1 q*L produces a lift to (®f =1 g*L )® 2 
of the action of on Pic°(X) d . This action of on ((^)f = i ^f-^o)^ 2 and the action of 
(Z/2Z) d on (<S>t=i q*L )® 2 constructed above together produce a lift to ((g)f =1 g*L )® 2 of 
the action of on Pic°(X) a! . This proves the second statement of the theorem. 

Let Mx{f) denote the moduli space of semistable vector bundles on X of rank r and 
degree zero. So, AT x {r) = Sym r (Pic°(X)) := Pic°(X) r /E r . 

Let 

P : Pic°(X) d — > M x {r) 

be the morphism defined by 

d r-2d 

(3.8) {L x , ■ ■ ■ , L d ) .— ► 0(L, © L*) © % 

i=i j=i 

(see (jZHD ). Let 

(3.9) 7 : M P — >■ Afr(r) 

be the morphism that sends any parabolic vector bundle on CP 1 to the corresponding 
vector bundle on X (see the proof of Proposition 12 . 2 j) . Clearly, 

(3.10) /3:=7°0, 

where is constructed in (13. 2p . 

Let ( r be the determinant line bundle on the moduli space Nxij). We will quickly 
recall the definition/construction of ( r . Let 

(3.11) V — ► X x Pic°(X) 

be a Poincare line bundle; this means that for each point a E Pic°(X), the restriction 
V\xx{a} lies in the isomorphism class of line bundles defined by the point a. Let 

(3.12) vr 2 : X x Pic°(X) — > Pic°(X) 
be the natural projection. Define the line bundle 

top top 

C := (/\R\ 2if V)* ® /\R\ 2 J> — ► Pic°(X). 

It can be shown that C, is independent of the choice of the Poincare line bundle V. To 
see this note that any other Poincare bundle is of the form V\ := V © k\ A, where A is a 
line bundle on Pic°(X). Form the projection formula, 

top top top top 

(/\ R°n 2 *vy © /\ R\ 2 *V = (/\ R ^!)* © (/\ RWVi) ® , 



QUANTIZATION OF MODULI OF PARABOLIC BUNDLES ON CP 1 



9 



where x is the Euler characteristic of degree zero line bundles on X. Since x = 0, we 
have£ = (A top i?%*7>i)*® A top R^Vl 

We will show that C coincides with L defined in (13.31) . To prove this, we first note 
that Ox is the unique line bundle on X such that x(Ox) = ^ H°(X, Ox)- From this 
it follows that the point of Pic°(X) defined by Ox is the canonical theta divisor. This 
immediately implies that C is canonically identified with Lq. 

For each i e [1,5"], let be the projection of Pic°(X) r to the z-th factor. The line 
bundle 

r 

(3.13) (g)g*£ — ► Pic°(Xr 

has a natural action of the group S r of permutations of {1 , • ■ ■ , r}. Using this action, the 
line bundle in (I3.13P descends to the quotient Sym r (Pic°(X)) of Pic°(X) r . This descended 
line bundle is the determinant line bundle ( r on Mx(r) = Sym r (Pic°(X)). 

For the map 7 in (I3.9p . the pullback 7*^ coincides with the determinant line bundle £ 
on Aip [BRJ, |Bi2] . Therefore, from (I3.10P we get an isomorphism 

(3.14) pt-Z+p^. 

Using the fact that each rjj in ( 13. 8 p is a fixed line bundle of order two, from the construction 
of ( r described above it is easy to see that fl*( r has a canonical lift of the action of on 
Pic°(X) d . As noted earlier, the line bundle 0*£ is equipped with an action of Yd, where 
is constructed in ( 13. 2p . It is straightforward to check that the isomorphism in ( 13. 14ft 
intertwines the actions of r^. 

For any Poincare line bundle V — > X x Pic°(X) (see ( 13. lip ), the pullback 

(Id x x ax)*V* — > X x Pic°(X) 

is also a Poincare line bundle, where o\ is the involution in ( 13 ,5p defined by L 1 — > L*. 
Therefore, 

top top 

(3.15) (/\ R\ 2if V*)* ® f^R^V) = o\C , 
where 7r 2 is the projection in (I3.12p . Since £ = L , 

(3.16) a{C = alL = L ; 

the last isomorphism follows from the fact that the point of Pic°(X) corresponding to Ox 
is fixed by a\ (see also (13. 3p ). Combining (I3.15P and (I3.16p . 

top top 

(3.17) (/\ R°n 2 ,P*y ® /\(RWV*) = L . 

Using ( I3.17p . from the constructions of the line bundle £ r and the morphism /3 in ( 13. 8ft it 
follows that 

d 

0*( r = ((g)g^o) 02 - 

i=l 
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In the second part of the theorem we constructed an action of the group on the line 
bundle (® i=1 q*L )® 2 . We noted earlier that (3*( r is equipped with a lift of the action of 
T d on Pic°(X) d . The above isomorphism of (3*( r with ((^) i=1 q*L )® 2 is r d -equivariant. 
In view of the fact, noted earlier, that the isomorphism in ( 13.141) intertwines the actions 
of Td, this completes the proof of the theorem. □ 

There is a unique translation invariant Kahler form ho on Pic°(X) of total volume one. 
Let 

d 
i=l 

be the Kahler form on Pic°(X) d , where qi is the projection in (13 .4p . As before, the Kahler 
form onMp will be denoted by up. 

Proposition 3.2. For the morphism in (13. 2p . 

4>*up = 2oo . 

Proof. Let u r be the Kahler form on the moduli space Mx{ r )- For the map 7 in (13.91) . 

(3.18) 7*w r = w? 
(see [BR]). 

It can be shown that 

(3.19) (3*u r = 2cu, 

where (3 is constructed in (13. 8p . To prove (13.191) . we first recall that uj r is constructed 
using the unique unitary flat connection on polystable vector bundles of degree zero over 
X. More precisely, consider the unique unitary flat connection V on a polystable vector 
bundle 

r 

E := 0L< e N x (r) 
i=i 

(the flat hermitian metric on E is not unique, but the flat hermitian connection is unique). 
Let V be the flat connection on End(E) = E £g> E* induced by V. The tangent space 
TeNx(j") is identified with 

r 

(3.20) (£)H\X, End{Li)) = H\X, O x )® r C H\X, End{E)) . 

i=l 

Using the flat unitary structure on End(E), we can represent elements of H l (X, End(E)) 
by the harmonic forms. This yields a L 2 -metric on i7 1 (X, End(E)). The restriction of 
this form to the subspace H l (X, Ox)® r in ( 13.201) coincides with the Kahler form u r on 
T E Af x (r). 

The equality in ( 13.191) follows from the above description of u r . Note that the factor 2 
in (I3.19P appears because the map (3 constructed in (I3.8P involves both Lj and L*, and 
the involution of Pic°(X) defined by L \ — > L* preserves the translation invariant Kahler 
form ho on Pic°(X). 

The proposition follows from (13~TB1 . (13TT9|) and (13TTUD . □ 



QUANTIZATION OF MODULI OF PARABOLIC BUNDLES ON CP 1 



11 



There is a unique additive complex Lie group structure on X with / _1 (0) as the identity 
element, where / is the map in (|2.2p . We fix this Lie group structure on X. The identity 
element will be denoted by e. 

There is a natural complex group homomorphism 
(3.21) X — > Pic°(X) 

defined by x i — > Ox(% — e). This isomorphism will be useful here. 

4. NON-ABELIAN THETA FUNCTIONS 

In [FMN2j . non-abelian theta functions on the moduli space of trivial determinant 
vector bundles of rank of n on the elliptic curve X were studied in terms of Weyl anti- 
invariant distributions in SU(ra). Let us recall briefly that construction, paying particular 
attention to the case n — 2, which will be especially relevant for the description of the 
Hilbert space associated to the quantization of the moduli space of parabolic bundles M. p. 

4.1. SL n (C) non-abelian theta functions on an elliptic curve. We start by writing 
the elliptic curve X in the form: 

(4.1) X = C/(Z © rZ), for some r G H = {z G C : lm(z) > 0} . 

Let f) be the Cartan subalgebra of sl n (C) consisting of diagonal matrices of trace zero, 
and let A denote its coroot lattice. To be concrete, we identify sl n (C) with the space of 
traceless n by n complex matrices and f) with the space of diagonal matrices of trace zero. 

Let M.x{n) be the moduli space semistable vector bundles E over X of rank n with 
A n E = O x . 

Consider the abelian variety 

M = X <g> A = h/(A®rA). 

The Weyl group W of sl n (C), given by the permutations of {1 , • • ■ , n}, acts naturally on 
M, via its natural action on f). As shown in |Lot ILaj . the moduli space Aix( n ) can be 
naturally identified with the quotient under this action 

M x (n) = M/W S CP"" 1 . 

To consider the quantization of Mx{n), we use the symplectic form u induced from 
the symplectic structure on X and the determinant line bundle L — > M. x {n) whose 
curvature form coincides with uj |Qu| . 

Let 

p : C/Z = C* — ► Pic°(X) = X 

be the projection defined by z + Z i — > z + Z + rZ, where z G C. The maximal torus 
of diagonal matrices in SL„(C) will be denoted by Tc and is canonically identified with 
h/A. Let 

(4.2) q : SL n (C) — )• SL n (C)/SL n (C) S T c /W 
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be the quotient map for the conjugation action of SL„(C) on itself. We have the following 
commutative diagram: 



SL n (C) T c /W <— T c = f)/A 

(4.3) 

M x (n) < — M < — f), 

where the composition SL n (C) —> Tc/W — > M. x {n) corresponds to the Schottky map 
described in [FMJN2j . 

Note that the Verlinde numbers are: 

'n — 1 + A; x 



(4.4) dim H^Mxin), L 



k 



Let H{V) be the space of all holomorphic functions on a complex manifold V. Given a 
level k, the subspace of "H(f)) consisting of functions 9 satisfying the identity 

(4.5) 6(v + a + Tf3) = ( e - 2 * if, M^ tiT V ) > ff >) k 9(v) , a J G A 
will be relevant for us. 

Proposition 4.1 ( |FMN2j ). The space of non-abelian theta functions H°(Aix{n), L k ) is 
naturally identified with 

U+ n ■= {9 e n(t)) : 9 satisfies (EU) and w9 = 9, V w G W} . 

We remark that since the quasi-periodicity condition in (14.5)) does not depend on the 
first summand (i.e, a) of the lattice A © rA, the non-abelian theta functions in the 
proposition can be also considered to be Weyl invariant holomorphic functions on Tc = 
f)/A, or equivalently, Ad-invariant holomorphic functions on SL n (C). 

Motivated by the Segal-Bargmann-Hall or "coherent state" transform for Lie groups, 
we will now describe a way of obtaining such Ad-invariant holomorphic functions on 
G = SL n (C) starting from Ad-invariant distributions on the maximal compact subgroup 
K = SU(n). 

Let A^r denote the set of dominant weights, in one to one correspondence with irre- 
ducible representations R\ of K = SU(n). For x G K , the expression 

(4.6) / = E tr (^A) , 

where A\ G End(i?A) are endomorphism-valued coefficients, defines a distribution under 
appropriate growth conditions on the operator norm of the A\ (see [FM N2J). 

Let c\ > be the eigenvalue of — Ak, where is the Laplace-Beltrami operator on 
K associated with the Ad-invariant inner product on su n for which the roots have squared 
length 2, on functions of the form tr(A\R\(x)), A\ G End(i?A)- 

Given a positive parameter t > 0, and r G H, the (generalized) coherent state transform 
(CST for short) is given by associating to a distribution / as in (14.61) the holomorphic 
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function on SL n (C) 

Ctf(g) := Yl e^tr(AxRx(g)). 



AeA+ 



Recall from |Lo[ IFMN2] that non-abelian theta functions on M.x(n) are more conve- 
niently described in terms of Weyl anti-invariant theta functions on f). Denote by 9~ the 
unique (up to scale) jy-anti-invariant theta function of level n on f). 

Let now p be the Weyl vector given by half the sum of the positive roots and let a be 
the denominator of the Weyl character formula analytically continued to SL n (C). Let a 
be the longest root in sl n (C) and let 

D Kn := {AGA+ : {\a)<k} 

be the parameter space for integrable representations of the level k affine Kac-Moody 
algebra si n (C)k- Note that #-D fc n = ( n l +k ), which equals the Verlinde number (I4.4p . 

As seen in [FMN2J, there is a (r- independent) finite-dimensional space of Ad-invariant 
distributions V k ^ n on SU(n) which has an orthonormal basis labelled by the elements of 
D k ^ n , such that the following holds: 

Theorem 4.2 f |FMN2] h Let n > 2 and C°°(SU(n))' Ad D L 2 (SU(n)) denote the space of 
Ad-invariant distributions on SU(n). Restricting the CST to Vk >n , we obtain 

V Kn ^ C(SU(n))' Ad ^ U(SL n (C)) Ad . 
Moreover, the composition of maps 

(4.7) ip htT o : V k , n — ► H°(M x (n), L k ) c ?/(SL n (C)) Ad , 

where 



iklli^v o- 



(4-8) <p k , T (f) = e— mT ^f, 



n 



is an isomorphism; we identify a W -invariant theta function on f) with an Ad-invariant 
function on SL n (C) using \-j.3\j and h4.5\ ). 

Remark 4.3. Note that the map tp k ,T is well defined only on C i (Vhr,). since these 

fc+n 

holomorphic functions are divisible by 9~ [Lo[ IFMN2] . 

Let r 2 = Im(r) > 0, and define the hermitian inner product on H°(A4x{n), L k ) by 
(4.9) ((F h F 2 )) := / T x F 2 \q*e~\ 2 dv^_ 



VMM 

(sec [AdPW]), where q was defined in equation (14.21) . dv ^ denotes what is known as the 

fc+n 

heat kernel measure of SL n (C), at time and f) C f) is a fundamental domain for the 
action of the semi-direct product W ix (A © rA). 

Theorem 4.4 ( |FMN2j ). The map Lp k , T ° C i : V kn — > H°(Mx(n), L k ) is a unitary 

k-\-n 

isomorphism. 
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Let us now consider the (slightly different) case n = 2, which will be especially relevant 
in the next section, and for which the distributions in the previous theorem can be written 
in a simple way. For simplicity, we will state the result only for even level, which is the 
case we will need. 

The space V 2k)2 C C(SVJ(2))' Ad is the k- dimensional C-span of the distributions 
(4.10) il>j,7k{x) = - J2(e 27Ti(j+2kn)x ~ e - 2 ^' J+2kn)x ) G C°°(SU(2)) / , j = 1, . . . , k 

(see |FMN2j ). 

Consider the basis of level 2k + 4 theta functions for the elliptic curve X, namely 

{#j,2fc+4}o<j<2fc+4, With 

0j,2k + 4(z) = ex P (™2jfeT4^ + (2fc + 4)m)2 + 2m(j + (2A: + 4)m)Z ) ' ° - 3 < 2M ' 

m<=Z ^ ' 

The Weyl anti-invariant theta function of level 4 on X is given by 6^ = — #3,4. 

Recall from [33, IFMN2] that the space of Weyl invariant theta functions of level 2k on 
X can be conveniently described in terms of Weyl anti-invariant theta functions of level 
2A; + 4, 

H%X,Ll k+4 )- = H°(X,Lfy 
{ > 0- 1— ► 6+ = 6-/61, 

where #J is the (unique up to nonzero multiplicative constant) Weyl anti-invariant theta 
function of level 4 on X. The bundle of conformal blocks (of level k) over which 
is associated to the moduli space of semistable rank two vector bundles with trivial de- 
terminant on X, has a natural hermitian structure which is easily expressed in terms of 
theta functions in H° (X , L 2 k+4 )~ as described above [AdPWl IFMN2] . 

Theorem 4.5. The composition of maps 

V 2k>2 C_^_(V 2k>2 ) ^ H°(M x (2),L 2k ) c H(SL 2 (C)) Ad 

where f k . T {f) — e 2fe + 47nT -p/ ; is an isomorphism. The image of the natural basis {ipj, 2 k\j=x,...,k 
is given by 

(4-12) {iWj=i,...,fe, 
where d h2k = (0j, 2 fc+4 - 6 2k+A ^ j)2k+A ) / '0J |FMN2j. 

4.2. Non-abelian theta functions on M. P . Let A be the coroot lattice of sl 2 (C), 
and let f), as before, be the Cartan subalgebra. The abelian variety from the previous 
subsection is now M = X <g> A = X. 



From Proposition 12.21 we have 

M P = Vi C \X) d /Y d = M d /Y d , 
where = Z 2 x E<f. We have the isomorphism of abelian varieties 

M d = (f)/A©rA) d . 
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Let p : M d — > M d /Yd be the natural projection. From above, the pull-back of the 
determinant line bundle by p gives the line bundle (£) i=1 {q*Lo) 2 over M d . Therefore, 
non-abelian theta functions of level k on Aip will be described by Y^ invariant products 
of level 2k theta functions on each of the factors ()/A © rA. 

The analog of diagram (14. 3[) is now 



SL 2 (C) C 



T d /W° 



rpd 



(f)/A) £ 



M x (2) d < — M d 



t) d . 



Let K be a compact Lie group. The CST on K d equipped with the product metric 
can be applied to E^-invariant functions. Since the averaged heat kernel measures are the 
product of the d measures on each of the factors of K, we have the following commutative 
diagram 

(C°°(K d Y)^ ^ c°°{K d y 

U(G) S « ^ U{G). 
where the CST for K d is given by 

Cf d = c t ® - ■ 



c t 



in terms of the CST CV for K. 



Definition 4.6. Let V k C C°°((SU(2) d ) / ) Ed be the vector space with basis 
{yj,k}j={h,~MA<ji<k,, where 



j* d ,2k , 



and the distributions 4>j,2k £ C°°(SU(2))' are given in ^.lCty . 



Let ipf d = ip k . T ® • • • <S> ¥k,r be defined on C^_(V k ) C H(SL 2 (C) d ), where (p k)T was 

' ' k+2 

defined in f)4~8]) . 

Theorem 4.7. T7ie CST C^_ establishes an isomorphism between the space V k of dis- 

k+2 

tributions on SU(2) d and the space of non-abelian theta functions H°(Aip,^ k ) of level k, 
meaning the map 

pf T oC^:V k -^H°(Mp,e) 



k + 2 



is an isomorphism. The image of the natural basis (Definition \4-(fy is given by 
{(f>j,k}j={j 1: - ,j d }, i<ji<k, where 



(Z U ■ ■ ■ ,Z d ) = ^ ^ CT1 ,2fe(^l) • • ■®j„ d ,2k{Zd)- 
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Proof. Recall that the determinant line bundle £ on the moduli space of parabolic bundle 
A4p, satisfies £ = ®f =1 (g*L ) 2 , where qi : M d — > M is the projection on the ith factor. 
Therefore, elements in H°(Aip,£, k ) are given by invariant theta functions of level 2k 
on M d . From Theorem 14.51 it follows that applying (pf^ o C^f_ to ^j t k we get (f)j : k- D 

Remark 4.8. We see that the Verlinde number is equal to the dimension of the space of 
degree k polynomials in d variables, which is consistent with £ = 0(1) on M.p = P rf . 

Remark 4.9. Non-abelian theta functions H°(M. Pl ^ k ) of level k can therefore be de- 
scribed as the image, by a coherent state transform, of the finite dimensional space of 
distributions on the compact group SU(2) d . In particular, following |FMNll IFMN2] , in 
this case the CST can also be interpreted as the parallel transport of a unitary connection 
on the bundle of conformal blocks over 
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